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Abstract: We review current efficient techniques for the construction of multi-leg and
multi-loop on-shell scattering amplitudes in supersymmetric gauge theories. Examples
in the maximally supersymmetric Yang-Mills theory in four dimensions are included.
ar
X
iv
:1
01
2.
40
01
v2
  [
he
p-
th]
  2
0 D
ec
 20
10
1 Introduction
The scattering amplitudes of on-shell excitations are perhaps the most basic quantities
in any quantum field theory. They provide the only link between models of Nature and
experimental data, being thus an indispensable tool for testing theoretical ideas about
high energy physics. They also contain a wealth of off-shell information, such as certain
anomalous dimensions of composite operators, making their evaluation an important
alternative approach to direct off-shell calculations.
Scattering amplitudes may exhibit larger symmetries than the Lagrangian1. For
example, as reviewed in [1] in this volume, it was shown that the tree-level S-matrix of
the N = 4 super-Yang-Mills theory (sYM) is invariant [2] under the Yangian of the four-
dimensional superconformal group, even though this is not a symmetry of the Lagrangian.
Part of this invariance was initially observed as symmetries of higher-loop amplitudes [3].
Thus, in this theory, (tree-level) scattering amplitudes realize the symmetries responsible
for the integrability of its dilatation operator and of the worldsheet theory of its string
theory dual. With more symmetry, one may hope that scattering amplitudes have simpler
structure than one may naively expect.
Textbook approaches to scattering amplitude calculations make use of Feynman di-
agrams. Symmetries, however, even those of the Lagrangian, are obscured in this ap-
proach, re-emerging only after all Feynman diagrams are assembled. For this reason,
even at tree level, the evaluation of multi-leg amplitudes can become quite involved.
Multi-loop amplitudes have similar features. Nevertheless, the fact that scattering am-
plitudes to any loop order are computable in terms of Feynman diagrams is an invaluable
guide for identifying new techniques bypassing their difficulties.
Here we review the basics of modern on-shell methods for the evaluation of scat-
tering amplitudes – the (super)MHV vertex expansion, on-shell recursion relations and
the generalized unitarity-based method. Other methods and developments are briefly
mentioned in the concluding section.
2 Organization, presentation, relations between am-
plitudes
Whether carried out in terms of Feynman diagrams or by other means, a good notation
and a transparent organization of the calculation and results are indispensable ingredients
of an efficient calculation of scattering amplitudes. Color ordering separates the color
flow from momentum flow and thus separates amplitudes into smaller gauge-invariant
parts – the color-ordered amplitudes. Projection of these parts onto definite helicity
configurations leads to partial amplitudes with useful properties and simple structure.
An enlightening discussion of these topics may be found in [4]. Here we briefly summarize
the salient points.
1At tree-level it is possible to argue that they have the same symmetries as the equations of motion.
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2.1 Spinor helicity and color ordering
In a massless theory, solutions of the chiral Dirac equation provide an parametrization of
momenta and polarization vectors [5] which allows e.g. the construction of physical polar-
ization vectors without fixing noncovariant gauges. At the basis of this parametrization
lies the well-known relation
(kµσ¯
µ)α˙αu−α(k) = 0 ; u−(k)u¯−(k) = −kµσµ , (2.1)
where as usual σ = (1,σ) and σ¯ = (1,−σ) are the Pauli matrices . This factorization also
follows more formally from the fact that the matrix on the right-hand-side of equation
(2.1) has unit rank if the momentum k is null. It is common2 to denote u−(k) and u¯−(k)
by λ and λ˜, respectively. Multiplication of spinors is dictated by Lorenz invariance:
〈ij〉 = αβλiαλjβ [ij] = −α˙β˙λ˜iα˙λ˜jβ˙ . (2.2)
Gauge invariance constrains the physical polarization vectors; they must also be
transverse and take the standard form of circular polarization vectors in the relevant
frame. They can be constructed in terms of λ, λ˜ and arbitrary fixed spinors ξ and ξ˜:
−αα˙(k, ξ) = −
√
2
λαξ˜α˙
[ξk]
+αα˙(k, ξ) =
√
2
ξαλ˜α˙
〈ξk〉 . (2.3)
The freedom of choosing independently reference spinors for each of the gluons partici-
pating in the scattering process makes it easy to prove that tree-level gluon amplitudes
with less than two gluons of the same helicity vanish identically. The first nonvanishing
tree-level amplitudes have two gluons of the same helicity opposite from the other ones;
they are known as maximally helicity-violating (MHV) amplitudes. In supersymmetric
theories this pattern holds to all orders in perturbation theory.
A clean organization of scattering amplitudes is a second useful ingredient in the
construction of scattering amplitudes at any fixed loop order L. Besides the organization
following the helicity of external states, at each loop order an organization following the
color structure is also possible and desirable, if only because, for n-point amplitudes,
there are at most (n − 1)! gauge invariant components. For an SU(N) gauge theory
with gauge group generators denoted by T a, any L-loop amplitude may be decomposed
as follows [6]:
A(L)n = NL
∑
ρ∈Sn/Zn
Tr[T aρ(1) . . . T aρ(n) ]A(L)n (kρ(1) . . . kρ(n), N
−1) + multi−traces , (2.4)
where the sum extends over all non-cyclic permutations ρ of (1 . . . n). The coefficients
A(kρ(1) . . . kρ(n), N
−1) are called color-ordered amplitudes. The (n − 1)! color-ordered
2In Minkowski signature λ and λ˜ are complex conjugate of each other and the factorization (2.1)
exhibits a rephasing invariance λ 7→ Sλ, λ˜ 7→ S−1λ˜ with S∗ = S−1. It is useful to promote momenta to
(holomorphic) complex variables and the Lorentz group to SL(2,C)×SL(2,C). Then, λ and λ˜ become
independent complex variables and rephasing by S becomes rescaling by an arbitrary complex number.
Scattering amplitudes have definite scaling properties under this transformation.
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amplitudes in (2.4) are not independent; in [7] and [8] it was shown how to express them
in terms of (n− 2)! and (n− 3)! basic amplitudes, respectively.
In the limit of large number of colors, N → ∞, the multi-trace terms left unspec-
ified in the equation above drop out. The same is true for all N -dependent terms in
An(kρ(1) . . . kρ(n), N
−1), reducing them to planar partial amplitudes An(kρ(1) . . . kρ(n)). In
this limit we will normalize the loop expansion parameter as
a =
g2N
8pi2
(2.5)
Color ordered scattering amplitudes have definite transformation properties under
cyclic permutation of (subsets of) external legs. They also have definite factorization
properties in limits in which external momenta reach certain singular configurations.
E.g. the tree-level collinear and multi-particle factorization formulae are
A(0)n (1 . . . (n− 1)hn−1 , nhn)
kn−1||kn−−−−→
∑
h
A
(0)
n−1(1 . . . k
h)Split
(0)
−h((n− 1)hn−1 , nhn) , (2.6)
A(0)n (1, . . . , n)
k21,m→0−−−−→
∑
h=±
A
(0)
m+1(1, . . . ,m, k
h
1,m)
i
k21,m
A
(0)
n−m+1(−k−h1,m,m+ 1, . . . , n) (2.7)
where Split(0) is a universal function known as the tree-level splitting amplitude. These
properties, and their higher-loop generalizations, provide stringent tests on the direct
evaluation of higher-loop amplitudes and the validity of new methods proposed for this
purpose. For a thorough discussion we refer the reader to the original literature [9–11].
2.2 Superspace and supersymmetry relations
Supersymmetric field theories are more constrained than their non-supersymmetric coun-
terparts. Through supersymmetric Ward identities [12], supersymmetry implies nontriv-
ial relations between scattering amplitudes to all orders in perturbation theory. For
example, the vanishing of all gluon amplitudes with less than two gluons of helicity
different form the rest may be understood as a consequence of supersymmetry. Tree-
level supersymmetry relations between gluon scattering amplitudes hold in all theories,
regardless of their amount of supersymmetry or of their field content.
Supersymmetric Ward identities imply that not all amplitudes are independent;
rather, most of them are generated from certain ”basic” amplitudes by repeated ap-
plication of supersymmetry transformations. E.g., MHV amplitudes, differing by the
position of the negative helicity gluons, are all related by supersymmetry transforma-
tions. The next-to-MHV amplitudes (involving three negative helicity gluons) and their
superpartners, are generated by three independent amplitudes [13, 14]. A general solu-
tion to the relations imposed by supersymmetry Ward identities in N = 4 sYM theory
and in N = 8 supergravity was discussed in [14].
Chiral superspace provides an efficient organization of the scattering amplitudes of
the N = 4 sYM theory. The physical states are assembled into a single superfield
Φ(x, η) =
1
4!
g+abcdη
aηbηcηd +
1
3!
f+abcη
aηbηc +
1
2!
sabη
aηb + f−a η
a + g− , (2.8)
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where η denote the anticommuting superspace coordinates, transforming in the funda-
mental representation of the R-symmetry group SU(4); g± and f± are, respectively, the
positive and negative helicity gluons and gluinos and sab are scalars. Component am-
plitudes are repackaged into superamplitudes and can be extracted by multiplication
with a superfield containing only the desired component field for each external leg and
integration over all anticommuting superspace coordinates.
The fact that all MHV amplitudes are related by a suitable chain of supersymmetry
transformations is reflected by the fact that all MHV amplitudes may be assembled into
a single-term superamplitude proportional to the conservation constraint for the chiral
supercharge Qαa =
∑
i λ
α
i η
a
i :
A(0),MHVn (1, 2, . . . , n) ≡
i∏n
j=1〈j (j + 1)〉
δ(8)
( n∑
j=1
λjαη
a
j
)
. (2.9)
The MHV superamplitudes in chiral superspace is more complicated [15,16]:
A(0),MHVn (1, 2, . . . , n) =
i∏n
j=1[j (j + 1)]
∫ 4∏
a=1
d8ωa
n∏
i=1
δ(4)(ηai − λ˜α˙i ωaα˙) . (2.10)
Supersymmetric Ward identities imply that, to all orders in perturbation theory, MHV
and MHV superamplitudes are proportional to the corresponding tree-level superampli-
tude. The proportionality coefficient, henceforth called scalar factor and denoted by M
(l)
n
where n is the number of external legs and l is the loop order, is a completely symmet-
ric scalar function of momentum invariants which naturally splits into parity-even and
a parity-odd components. The superamplitude containing the gluon amplitudes with
(k + 2) negative helicity gluons (the so-called NkMHV amplitudes) contains 4(k + 2)
delta functions whose arguments are linear combinations of anticommuting coordinates.
Examples for k = 1 may be found in [17].
The dual superspace, in which the superfield is related to (2.8) by a fermionic Fourier
transform is also extensively used [17, 18]. While the superamplitude is unchanged, one
extracts component amplitudes by applying suitable fermionic differential operators.
For example, to extract a gluon amplitude one differentiates solely with respect to the η
parameters corresponding to the negative helicity gluons.
2.3 Factorization of infrared divergences
A general feature of on-shell scattering amplitudes in massless theories is the presence of
infrared divergences.3 Unlike ultraviolet divergences they cannot be renormalized away;
rather, they cancel in infrared-safe quantities, such as cross sections of color-singlet states,
anomalous dimesions, etc.
There are two sources of infrared divergences in a massless theory: the small energy
region of some virtual particle and the region in which some virtual particle is collinear
3While absent in the N = 4 sYM theory, in general massless theories ultraviolet divergences are, of
course, present as well.
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with some external particle, respectively:∫
dω
ω1+
∝ 1

∫
dkT
k1+T
∝ 1

. (2.11)
Since they can occur simultaneously, the leading infrared singularity at L-loops is an
1/2L pole in dimensional regularization.
The structure of soft and collinear singularities in a massless gauge theory in four
dimensions has been extensively studied and understood [19–22]. The realization that
soft and virtual collinear effects can be factorized in a universal way, together with the
fact [23] that the soft radiation can be further factorized from the (harder) collinear one,
led to a three-factor structure for gauge theory scattering amplitudes [22,24]:
Mn =
[
n∏
i=1
Ji
(
Q
µ
, αs(µ), 
)]
× S
(
k,
Q
µ
, αs(µ), 
)
× hn
(
k,
Q
µ
, αs(µ), 
)
. (2.12)
Here the product runs over all the external lines, Q is the factorization scale, separating
soft and collinear momenta, µ is the renormalization scale and αs(µ) =
g(µ)2
4pi
is the
running coupling at scale µ. Both hn(k,Q/µ, αs(µ), ) and the amplitudeMn are vectors
in the space of color configurations available for the scattering process. The soft function
S(k,Q/µ, αs(µ), ) is a matrix acting on this space; it is defined up to a multiple of the
identity matrix. It captures the soft gluon radiation, it is responsible for the purely
infrared poles and it can be computed in the eikonal approximation in which the hard
partonic lines are replaced by Wilson lines. The “jet” functions Ji(Q/µ, αs(µ), ) are
color-singlets and contain the complete information on collinear dynamics of virtual
particles. Finally, hn(k,Q/µ, αs(µ), ) contains the effects of highly virtual fields and is
finite as  → 0. The jet and soft functions can be independently defined and evaluated
in terms of specific matrix elements.
In the planar limit all except one color structure are subdominant; the soft function
is then proportional to the identity matrix and may be absorbed into the definition
of the jet functions reducing equation (2.12) to a two-factor expression. In this limit,
the jet function may be given a physical interpretation by using the factorized form of
the amplitude for the decay of a color-singlet state into two gluons of momenta ki and
ki+1. This is, by definition, the Sudakov form factorM[gg→1](si,i+1/µ, λ(µ), ). With this
information the factorized form of a general planar amplitude is
Mn =
[
n∏
i=1
M[gg→1]
(
Q
µ
, λ(µ), 
)]1/2
× hn
(
k,
Q
µ
, λ(µ), 
)
, (2.13)
where λ(µ) = g(µ)2N is the ’t Hooft coupling. HereMn denotes the unique single-trace
structure relevant in the planar limit.
Independence on the factorization scale Q implies that the Sudakov form factor obeys
certain renormalization group type equations which relate it to the cusp anomalous
dimension as well as to another function — the ”collinear anomalous dimension” —
whose physical interpretation is less transparent (see however [25]). For their derivation
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and analysis we shall refer the reader to the original literature [20, 26]. Their solution
for N = 4 sYM is [27]:
Mn = exp
[
−1
8
∞∑
l=1
al
(
γ
(l)
K
(l)2
+
2G(l)0
l
)
n∑
i=1
(
µ2
−si,i+1
)l]
× hn , (2.14)
where the cusp anomaly (universal scaling function) and the collinear anomalous dimen-
sion are constructed from the coefficients γ
(l)
K and G(l)0 as:
f(λ) ≡ γK(λ) =
∑
l
alγ
(l)
K G0 =
∑
l
G(l)0 al . (2.15)
In writing (2.14) it was assumed that the factorization scale of IR divergences associated
to the external legs carrying momenta ki and ki+1 is Q = si.,i+1.
The detailed structure of IR divergences of scattering amplitudes described above
used to great effect [28] for the evaluation of the 4-loop cusp anomaly which tests the
detailed structure of the BES equation [29] and thus of integrability for N = 4 sYM the-
ory. The BES equation provides all-order results for γK ; no such all-order determination
of the collinear anomalous dimension is available, though its relation to other anomalous
dimensions [25] may remedy this situation.
3 Tree level amplitudes
All symmetries of the Lagrangian of a quantum field theory are visible in its on-shell
scattering amplitudes. Scattering amplitudes may however have more symmetries than
the Lagrangian. New presentations of scattering amplitudes may thus expose hitherto
unsuspected hidden properties of the theory.
An enigmatic presentation of tree-level scattering superamplitudes of N = 4 sYM
followed [30] from Witten’s interpretation of the theory as a topological string theory in
the super-twistor space of super-Minkowski space. The generating function of tree-level
amplitudes with n external legs is
An =
n−3∑
d=2
∫
dM1,d 〈J1 . . . Jn〉 (3.1)
where dM1,d is the integration measure over the moduli space of maps of degree d from
S2 to CP 3|4 and Ji are certain free fermion currents. Recently, the properties of this
presentation of amplitudes started being understood [31] through the Grassmannian
interpretation of the tree-level amplitudes.
Witten’s interpretation of N = 4 sYM theory as a topological string theory also
led to the MHV vertex rules [32] subsequently generalized to the super-MHV vertex
rules.4 They are effective rules expressing general amplitudes as sums of products of
MHV superamplitudes. The following (super)steps generate the n-point NkMHV gauge
theory superamplitude:
4The MHV (super)vertex rules were proven from a Lagrangian standpoint in [33].
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• draw all tree graphs with (k + 1) vertices, on which the n external legs are dis-
tributed in all possible inequivalent ways while maintaining the color order.
• to each vertex associate an MHV superamplitude (2.9). The holomorphic spinor
λP of an internal line is constructed from the off-shell momentum P of that line
using a fixed arbitrary reference anti-holomorphic spinor ζ α˙:
λPα ≡ Pαα˙ζ α˙ . (3.2)
Alternatively, the holomorphic spinor λP = |P [〉 is constructed from the null pro-
jection of the off-shell momentum P along a reference null vector ζµ common for
all legs [34]:
P [ = P − P
2
2ζ · P ζ . (3.3)
• to each internal line associate a super-propagator, i.e. a standard scalar Feynman
propagator i/P 2 and a factor which equates the fermionic coordinates η of the
internal line in the two vertices connected by it.5
• integrate over all the anticommuting coordinates associated to internal lines.
Upon application of these rules, the NkMHV superamplitude is given by
ANkMHVn = im
∑
all graphs
∫ [ k∏
j=1
d4ηj
P 2j
]
AMHV(1) AMHV(2) · · · AMHV(k) AMHV(k+1) , (3.4)
where the integral is over the 4k internal Grassmann parameters (d4ηj ≡
∏4
a=1 dη
a
j ) and
each Pj is the off-shell momentum of the j’th internal leg of the graph.
Each integration
∫
d4ηi in (3.4) selects the configurations with exactly four distinct
η-variables η1i η
2
i η
3
i η
4
i on each of the internal lines. Since a particular η
a
i can originate from
either of two MHV amplitudes connected by the internal line i, there are 24 possibilities
that may give non-vanishing contributions. However, for a given choice of external states,
each term corresponding to a distinct graph in (3.4) receives nonzero contributions from
exactly one state for each internal leg.
The observation that integrating over the common η variables yields a sum over the
16 states in the N = 4 multiplet will be important also in the following sections in
evaluating similar sums (called ”supersums”) appearing in generalized unitarity cuts.
The simplest example illustrating the MHV (super)vertex rules is the construction of
the MHV gluon amplitude; its split helicity configuration is simply:
A
(0)
5 (1
−,2−,3−,4+,5+) = (3.5)
〈23〉4
〈23〉〈34〉〈4P1〉〈P12〉
1
P 21
〈1P1〉4
〈51〉〈1P1〉〈P15〉 +
〈3P2〉4
〈P23〉〈34〉〈4P2〉
1
P 22
〈12〉4
〈2P2〉〈P25〉〈51〉〈12〉
+
〈3P3〉4
〈34〉〈45〉〈5P3〉〈P33〉
1
P 23
〈12〉4
〈P31〉〈12〉〈2P3〉 +
〈23〉4
〈23〉〈3P4〉〈P42〉
1
P 24
〈1P4〉
〈1P4〉〈P44〉〈45〉〈51〉
5For the superfields (2.8) this factor is just
∫
d4η′δ(4)(η − η′).
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The momenta Pi follow from momentum conservation at each MHV vertex; their null
components assumed above are obtained as in (3.3).
While much more efficient than Feynman diagrams, the MHV supervertex expansion
is not recursive and the number of contributing graphs grows quite fast with the number
of external legs; it also exhibits an artificial lack of covariance at intermediate stages
due to the presence of the fixed spinors ζ. The BCFW recursion relation [35] recon-
struct covariantly tree-level amplitudes from this pole structure and their multi-particle
factorization properties.
Their direct derivation [35] uses only complex analysis. One singles out two momenta
pi and pj (the choice of momenta is, to a large extent, arbitrary; we will discuss shortly
the origin of constraints on the choice of i and j) and shifts them as
pi → pˆi = pi + zζij pj → pˆj = pj − zζij (ζ ij)αα˙ = λiαλ˜jα˙ (3.6)
where the vector (ζ ij) is chosen such that the shifted momenta are still null. More
elaborate shifts have also been discussed. By tuning the parameter z it is possible to
expose one by one all poles of the amplitude. As the relevant values of z are complex,
equation (3.6) is interpreted as an analytic continuation to complex momenta.
The fact that the only poles of the shifted amplitude arise from the z dependence of
propagators implies that none of them is at z = 0. 6 The original (unshifted) amplitude
may them be recovered by integrating the shifted amplitude on a small contour C0 around
z = 0. Reinterpreting it as a contour around z = ∞ implies that the amplitude may
be rewritten in terms of the residues of the shifted amplitude. Since the corresponding
poles are in one to one correspondence with multi-particle factorization limits of the
shifted amplitude, it follows from eq. (2.7) that their residues are themselves products
of amplitudes. We are finally led to [35]
A(1...n) =
1
2pii
∮
C0
dz
z
A(1ˆ,2...nˆ;z) = − 1
2pii
∮
C∞
dz
z
A(1ˆ,2...nˆ;z)
=
∑
l,h
AL(1ˆ,2...l,qˆh;z0l)
1
P 21,...,l
AR(−qˆ−h,(l+1),...nˆ;z0l) + C∞ , (3.7)
where h denotes the helicity of the intermediate leg. For definiteness and ease of notation
we chose to shift the external momenta p1 and pn; the momentum qˆ of the internal line is
determined by momentum conservation and depends on z. The value of z0l is determined
from the on-shell condition for the intermediate line:
z0l =
P 21,...,l
2 ζ1n · P1,...,l . (3.8)
The term denoted by C∞ represents the contribution of the pole at z =∞. It is possible
to argue [35] using either Feynman diagrammatics or the MHV vertex rules that this
contribution is absent for the shift (3.6) for all choices of helicity for the legs (i, j) except
(hi, hj) = (+,−).
6Poles on the z-plane may drift close to the origin only in multi-particle factorization limits of the
unshifted amplitude.
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Figure 1: The diagrammatic presentation of the terms in equation (3.7) for
A(1−2−3−4+5+6+).
Some of the terms in the sum in equation (3.7) contain three-particle amplitudes.
The analytic continuation to complex momenta (i.e. λ 6= (λ˜)∗) makes these terms
nonvanishing.7
The six-point amplitude in split helicity configuration A(1−2−3−4+5+6+) provides a
simple illustration of the BCFW recursion relations. Choosing to shift the momenta
p3 and p4, the diagrams representing the terms in equation (3.7) are shown in figure 1.
Diagram (b) vanishes identically; the other two contribute as follows:
Ta =
〈23̂〉3
〈3̂p̂23〉〈p̂232〉
1
p223
〈1p̂23〉3
〈p̂234̂〉〈4̂5〉〈56〉〈61〉
z01 =
p223
〈4|P23|3]
Tc =
[p̂456]
3
[p̂236][61][12][23̂][3ˆp̂23]
1
p245
[4̂5]3
[5p̂45][p̂454̂]
z03 =
p245
〈4|p45|3] (3.9)
Combining them and making use of the corresponding shifts leads to
A(1−2−3−4+5+6+) =
1
〈5|p34|2]
[ 〈1|p23|4]3
[23][34]〈56〉〈61〉p2234
+
〈3|p45|6]3
[61][12]〈34〉〈45〉p2345
]
. (3.10)
This is indeed the correct answer for the six-point split-helicity tree-level gluon amplitude,
as may be verified by direct comparison with the classic results of [9].
BCFW recursion relations have been generalized [36, 37, 18] to chiral on-shell super-
space. By solving them explicit expressions for all tree-level amplitudes of N = 4 sYM
have been obtained in [38].
4 Generalized unitarity and loop amplitudes
As explained in the previous section, the MHV vertex rules and the on-shell recursion
relations may be understood as procedures for reconstructing a function of many variables
from its singularities and behavior at infinity.
Historically, through the optical theorem, such a strategy was first used to construct
loop amplitudes. Unitarity of the scattering matrix implies that its interaction part
7 Either the MHV or the MHV three-particle amplitude may be chosen nonvanishing, but not both.
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S = 1 + iT obeys the equation:
i(T † − T ) = T †T . (4.1)
Expanding both sides in the coupling constant implies that, at loop order L, the dis-
continuity8 – or cut – of T in some multi-particle invariant is given by the product of
lower order terms in the perturbative expansion of the T matrix, i.e. lower order on-shell
amplitudes.
For bookkeeping purposes it is useful to separate cuts in two classes: singlet and
non-singlet. In the former only one type of field crosses the cut. In the latter several
types of particles – complete multiplets in a supersymmetric theory – cross the cut.
The summation over all such states can be tedious; at low orders it may be explicitly
carried out using the component version of the supersymmetric Ward identities. General
procedures, based on chiral superspace, for effortlessly carrying out such sums – called
supersums – have been described in detail in [18,16].
Reconstructing an amplitude from its unitarity cuts is not completely straightforward.
One of the main difficulties is that the emerging integrals – dispersion integrals – are not
of the type usually found in Feynman diagram calculations. A reinterpretation of the
equation (4.1) bypasses this issue, expresses the result in terms of Feynman integrals and
allows use of the recent sophisticated techniques for their evaluation: integral identities,
modern reduction techniques, differential equations, reduction to master integrals, etc.
To reinterpret the L-loop component of eq. (4.1) we notice that, due to the Feynman
diagrammatics underlying the amplitude calculation, it is possible to identify on the
left-hand side of this equation all the terms with a prescribed set of cut propagators.
Equation (4.1) expresses the sum of these terms as a product of lower-loop amplitudes.
Thus, at the level of the amplitudes’ integrand, a unitarity cut may be interpreted as
isolating the terms containing a prescribed set of (cut) propagators.
These observations, originally due to Bern, Dixon, Dunbar and Kosower [10] and
improved at one-loop level by Britto, Cachazo and Feng [39], allow “cutting” more
than (L + 1) propagators for an L-loop amplitude, generalizing the unitarity relation
(4.1). These generalized cuts9 do not have the interpretation of the imaginary part
of some higher-loop amplitude. Rather, they should be interpreted as isolating the
terms that contain a prescribed set of propagators. The Feynman rules underlying
the calculation guarantee that the totality of generalized cuts contains the complete
information necessary to reconstruct the amplitude to any order in perturbation theory.
Indeed, each term in the integrand of the amplitude contains (perhaps after integral
reduction) some subset of the propagators required by Feynman rules and each such
term is captured by at least one generalized cut.
These arguments assume that the generalized cuts are constructed in the regularized
theory. In the following dimensional regularization with d = 4 − 2 is assumed. 10 In
practice it is convenient to start by analyzing four-dimensional cuts, as one can saturate
8This interpretation is a consequence of the i prescription: 1l2+i − 1l2−i = −2piiθ(l0)δ(l2).
9Similarly to regular cuts, generalized cuts can be either of singlet and non-singlet types.
10In planar N = 4 sYM specific patterns of breaking of gauge symmetry also provide successful IR
regularization [40]. We will comment on their features in the concluding section.
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them with four-dimensional helicity states and also make use of the supersymmetric Ward
identities. The terms arising from the (−2)-dimensional components of the momenta in
momentum-dependent vertices that are potentially missed by four-dimensional cuts are
separately found either by a comparison with d-dimensional cuts or by other means. In
supersymmetric theories it can be argued [41] based on the improved power-counting of
the theory that, through O(0), one-loop amplitudes follow from four-dimensional cuts.
In [42] a generalized unitarity approach was proposed for theories that may be con-
tinued to six dimensions. This construction, which is based on a six-dimensional version
of spinor helicity [43], provides a natural context form the O() components of momenta
and allows a Coulomb-branch regularization of IR divergences.
An L-loop n-point amplitude has (very) many generalized cuts; it is important to
evaluate them such that the maximum number of terms is determined with the least
amount of effort. A strategy initially advocated in [44] and extensively used in [45,46] is
to begin with the generalized cuts imposing 4L cut conditions (maximal cuts) and then
proceed by releasing the on-shell condition for one propagator at a time (near-maximal
cuts). This is known as ”the method of maximal cuts”.
5 One loop amplitudes
Quite generally in four dimensions, such one-loop scattering amplitudes in a massless
supersymmetric theory may be shown to be a linear combination of scalar box, triangle
and bubble integrals (see Figure 2) with coefficients depending on the external momenta.
11 In N = 4 sYM it is possible to argue [10] that amplitudes with external states belong
to the same N = 1 vector multiplet may be written as a sum of box integrals:12
A(1)n =
∑
ijk
cijklIijkl . (5.1)
Experience shows that the same holds for other external states as well. In eq. (5.1)
(i, j, k, l) are cyclic labels of the first external leg at each corner of the box (counting
clockwise), Iijkl is the corresponding integral and the sum runs over all ways of choosing
the labels (i, j, k, l). These integrals are linearly independent (over rational, momentum
dependent coefficients) so this decomposition is unique.
Since each box integral has an unique set of four propagators, a quadruple cut (i.e.
the result of eliminating four propagators and using the on-shell condition for their
momenta) isolates an unique box integral and its coefficient [39]. Following the previous
discussion, the quadruple cut of the amplitude is simply given by the product of four tree
amplitudes evaluated on the solution of the on-shell conditions for the four propagators:
cijkl =
1
2
∑
hqi
A(q1,i...j−1,−q2)A(q2,j...k−1,−q3)A(q3,k...l−1,−q4)A(q4,l...i−1,−q1)
∣∣∣
q2i=0
(5.2)
11Non-supersymmetric theories contain additional rational terms. Their determination is beyond the
scope of this review. See however [47] and references therein.
12 The box integrals, represented graphically in Figure 2(a), are defined and given in reference [48]
(with the four-mass boxes from ref. [49]).
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Figure 2: Box, triangle and bubble integrals with arbitary numbers of external
legs n1,2,3,4 at each vertex.
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Figure 3: Contributions to the one-loop five-point MHV amplitude.
The sum runs over all possible helicity assignments on the internal lines. The factor of
1/2 above is due to the four on-shell conditions having two solutions with equal values
of the quadruple-cut box integrals. The sum over these solutions is implicit in the sum
in equation (5.2). It is important to realize that any amplitude contains at least one box
integral with one three-point corner. To construct its coefficient through this method it
is necessary to analytically continue momenta to complex values.
The calculation of the five-point amplitude, initially computed by other means [50]
in both in N = 4 sYM and QCD, is a simple illustration of the quadruple cut approach.
The five possible integral contributions are shown in Figure 3. Let us comment on the
fourth one. Of the two possible helicity assignments to the cut propagators, one does not
have solutions for the on shell conditions. The other yields the coefficient of the fourth
box integral in Figure 3:
[l2l1]
3
[1l2][l11]
× 〈2l2〉
3
〈2l3〉〈l3l2〉 ×
[3l4]
3
[l4l3][l33]
× 〈l1l4〉
3
〈l44〉〈45〉〈5l1〉 = −
s12s23 〈12〉3
〈23〉〈34〉〈45〉〈51〉 (5.3)
The coefficients of the other integrals may be computed in a similar fashion. They are
related to the coefficient evaluated here by the obvious relabeling the factor s12s23.
The quadruple cut technique described and illustrated above may equally well be
used to construct non-planar one-loop amplitudes. Alternatively and perhaps less calcu-
lationally intensive, in theories with only adjoint fields and only antisymmetric structure
constant couplings one-loop leading and subleading color contributions are algebraically
related [6] by U(1) decoupling identities.
6 Higher loops
Higher loop calculations in N = 4 sYM enjoy similar simplifications, though to a lesser
extent. An important difference from one-loop calculations within the generalized uni-
tarity method is that the natural integrals form only an over-complete basis. Complete
bases may be identified on a case by case basis13. Since, in general, not all higher loop in-
13See the two-loop examples [51] and [52] and the general strategy [53].
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tegrals can be frozen by cutting all their propagators, a naive higher-loop generalization
of the quadruple cuts is problematic. The leading singularity method [54] bypasses the
latter difficulty by making use of additional propagator-like singularities in the remaining
variables, which are specific to four dimensions.
Generalized cuts can nevertheless be used to great effect to isolate parts of the full
amplitude containing some prescribed set of propagators. The previous arguments con-
tinue to hold and imply that the complete amplitude can be reconstructed from its
d-dimensional generalized cuts. A detailed, general algorithm for assembling the ampli-
tude was described in [55]. In a nutshell, starting from one (generalized) cut, one corrects
it iteratively such that all the other cuts are correctly reproduced.
While fundamentally all cuts are equally important, some of them exhibit more struc-
ture than other, which makes them useful starting points for the reconstruction of the
amplitude. In some cases they also have a simple iterative structure and thus lead to
effective rules for determining their contribution to the full amplitude.
6.1 Effective rules
Two-particle cuts are the simplest to analyze as they involve cutting the smallest number
of propagators. For MHV amplitudes they exhibit special properties. As mentioned
in section 2.2, to all loop orders MHV amplitudes are proportional in a natural way
to the tree-level amplitude. At the level of generalized cuts this translates into the
observation [56, 57] that sewing two tree-level MHV amplitudes leads in a natural way
to another tree-level MHV amplitude factor:
A(0),MHVn1 × A(0),MHVn2 ∝ A(0),MHVn1+n2−4 . (6.1)
The operation may be repeated, leading to what is known as ”iterated two-particle cuts”.
For four-particle amplitudes, the higher-loop terms detected by iterated two-particle cuts
are effectively given by the rung-rule [56]. It states that the L-loop integrals which
follow from iterated two-particle cuts can be obtained from the (L− 1)-loop amplitudes
by adding a rung in all possible (planar) ways while in each instance also inserting the
numerator factor
i(l1 + l2)
2 (6.2)
where l1 and l2 are the momenta of the lines connected by the rung.
14 For higher-point
amplitudes the rung rule is less effective and a direct evaluation of generalized cuts is
typically necessary.
The box substitution identity [44] and its generalizations [46] relate further terms in
higher-loop amplitudes to terms in lower loop amplitudes. The idea is to organize terms
in an L-loop amplitude to expose an L′-loop four-point sub-amplitude. A contribution to
the (L+ `)-loop amplitude is then obtained by literally replacing this L′-loop four-point
sub-amplitude with its (L′ + `)-loop counterpart.
14 The rung rule can generate integrals which do not exhibit any two-particle cuts. Such contributions
must be checked by a direct evaluation of other cuts. Examples in this direction first appear in the planar
four-loop four-gluon amplitude [28].
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Certain non-planar contributions to scattering amplitudes turn out to be related to
planar ones at the same loop order by a Jacobi-like identities [46,58]. Such manipulations
can be carried out pictorially. We will not describe them in detail here, but refer the
reader to the original literature for a detailed discussion (see also [59] for a string theory
based argument for these relations).
Quite generally, effective rules do not yield all contributions to amplitudes. Their
usefulness should not, however, be underestimated: it is easier to correct an existing
ansatz rather than construct it from scratch starting from generalized cuts. To determine
the missing terms and confirm the ones obtained through effective rules it is necessary
to directly evaluate certain judiciously chosen set of the generalized cuts.
6.2 An example: two-loop four-point amplitude in N = 4 sYM
theory
Perhaps the simplest example that illustrates the higher-loop discussion in the previous
subsections is the calculation [56] of the two-loop four-point amplitude. Direct evaluation
of the s-channel iterated 2-particle cut (the t-channel cut may be obtained by simple
relabeling) leads to:
A
(0)
4 (l2,k
−
1 ,k
−
2 ,l1)A
(0)
4 (−l1,−l4,−l3,−l2)A
(0)
4 (l4,k
+
3 ,k
+
4 ,l3)
= is12(k2 − l4)2 1
(l2 − k1)2(l2 + l3)2A
(0)
4 (−l3,1−,2−,−l4)A
(0)
4 (l4,k
+
3 ,k
+
4 ,l3)
= A
(0)
4 (k
−
1 ,k
−
2 ,k
+
3 ,k
+
4 )
[
is12(k2 − l4)2 1
(l2 − k1)2(l2 + l3)2
] [
is12s23
1
(l3 − k1)2(l3 + k4)2
]
= −s212s23A(0)4 (k−1 ,k−2 ,k+3 ,k+4 )
l1
l2 l3
l4
4
32
1
. (6.3)
Together with the loop expansion parameter (2.5), this leads to the following ansatz:
A
(2)
4 (k1,k2,k3,k4)
A
(0)
4 (k1,k2,k3,k4)
= −1
4
s12s23
 s12 1
2
4
3
+ s23
2
1 4
3
 . (6.4)
This ansatz turns out to be complete, as can be verified by evaluating the three-particle
cut [56]. In less supersymmetric theories additional contributions are necessary.
The same ansatz (6.4), to be checked through a three-particle cut calculation, may
be obtained either through the rung rule (by inserting a rung in the s- and the t-channel
in a one-loop box integral) and the box insertion identity.
In general, the evaluation of a complete (spanning) set of cuts is always necessary.
The power of effective rules lies in that they provide a fast and rather effortless way
of obtaining a large number of terms (and sometimes all terms) in the amplitude. It
is technically much more convenient to test and complete an existing ansatz than to
construct it starting from the expressions of generalized unitarity cuts.
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6.3 An interesting integral basis; dual conformal invariance
An interesting over-complete basis (at least for MHV amplitudes) may be conjectured
based on the observation [3] that the integrals appearing in the two- and three-loop
four-gluon planar amplitudes exhibit a momentum space conformal symmetry known as
dual conformal symmetry. 15 Curiously, this symmetry is exhibited separately by each
integral appearing in the amplitude, when regularized in a specific way. In dimensional
regularization they are known as pseudo-conformal integrals. Dual conformal symmetry
was shown to also be present in certain higher-loops and for higher-point amplitudes; it
has been conjectured [28, 3] that, to all orders in perturbation theory, planar scattering
amplitudes exhibit this symmetry and that each integral in their expressions is pseudo-
conformal. Since only the infrared regulator breaks dual conformal invariance, extraction
of the known infrared divergences (2.14) should lead yield a dual conformally invariant
quantity. For MHV amplitudes this conjecture applies to the parity-even part of the
scalar factor. For non-MHV amplitude it has been proposed [17] that the ratio between
the resumed amplitude and the MHV amplitude with the same number of external legs
is invariant under dual conformal transformations. This conjecture was successfully
tested for the (appropriately defined) even part of the six-point NMHV amplitude at
two loops [60].
The even part of planar MHV amplitudes is expected to be a sum of pseudo-confomal
integrals with constant coefficients:
M(L)n =
∑
i
ci Ii ; (6.5)
the coefficients ci may be determined by comparing cuts of this ansatz to direct evaluation
of generalized cuts of the amplitude. In certain cases maximal cuts are sufficient. This
strategy was used to determine the five-loop four-point amplitude [44] as well as the
two-loop MHV amplitudes with any number of external legs [61].
7 Comments on other methods and outlook
Other methods have been put forward for the construction of scattering amplitudes in
N = 4 sYM theory and, more generally, in maximally-supersymmetric theories. A no-
table one, which captures the spirit of the complete localization of one-loop integrals
under quadruple cuts, is the so-called leading singularity conjecture [37]. As previously
discussed, evaluating the maximal cuts of an amplitude does not lead to a complete local-
ization of integrals. In certain cases the result however exhibits further propagator-like
singularities which may also be cut. The result is known as the ”leading singularity”.
The conjecture states that scattering amplitudes in maximally supersymmetric theories
are completely determined by their leading singularities. Two-loop results based on this
conjecture agree with the results of the unitarity method calculation. It was also used to
construct [62] the odd part of the six-point MHV amplitude at two-loops as well as [63]
15This symmetry, which appears to be related to the higher nonlocal symmetries of the dilatation
operator of N = 4 sYM is reviewed in detail in [1].
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the three-loop five-gluon amplitude. Together with the assumption that the supercon-
formal and dual superconformal symmetries are realized to all orders in perturbation
theory, it led to a proposal [64] for the all-loop all-point planar scattering amplitudes
of the N = 4 sYM theory; a specific regularization prescription is required. The six-
point MHV amplitude is correctly reproduced by this proposal [65]; this calculation also
emphasizes that, in this proposal, the natural integrals are technically simpler than stan-
dard Feynman integrals. It has been suggested that this is related to them having only
unit leading singularities.
All-order expressions of scattering amplitudes are in general hard to construct. Based
on explicit two-loop [66] and three-loop calculations [27] as well as on the collinear prop-
erties of amplitudes it was conjectured that the scalar factor of n-point MHV amplitudes
has, to all loop orders, a simple iterative structure in terms of the corresponding one-loop
amplitude [27] to all orders in d = 4− 2 dimensions:
Mn = exp
[ ∞∑
l=1
alf (l)()M(1)n (l) + C(l) +O()
]
(7.1)
where f (l)() = f
(l)
0 + f
(l)
1 + 
2f
(l)
2 with f
(l)
0 and f
(l)
1 determined in terms of the similar
coefficients appearing in the Sudakov form factor (2.14), (2.15).
For n = 4, 5 this expression appears to hold [67] if dual conformal invariance is present
to all orders in perturbation theory. At higher-points dual conformal invariance is no
longer sufficient to fix the expression of the amplitude. Direct calculations [68] of the
six-point amplitudes show a departure from this expression, initially anticipated from
a strong coupling analysis [69] based on the proposed relation between planar MHV
scattering amplitudes and certain null polygonal Wilson loops [70] in this regime (see
also [71]). The so-called “remainder function” quantifies this difference; its analytic form
was found in [72] and simplified in [73].
The proposed relation between planar MHV scattering amplitudes and Wilson loops
[70] led to the conjecture [67,74] that a similar relation may holds order by order in weak
coupling perturbation theory. This topic is reviewed in detail in [1]. The comparison of
the six-point MHV amplitude at two loops with the relevant Wilson loop was discussed
in [68, 75]. Expectation values of Wilson loops relevant for higher-point amplitudes
have been computed in [76]; comparison with the corresponding scattering amplitude
calculations [61,77] awaits further developments in the calculation of higher-loop higher-
point Feynman integrals.
Throughout our discussion we assumed that IR divergences are regularized in dimen-
sional regularization. Ultraviolet divergences not being an issue in N = 4 sYM, infrared
divergences may also be regularized by letting fields acquire masses through spontaneous
breaking of the gauge symmetry [40] (Higgs regularization). Much like the original (all-
massive) regularization of [3], this regularization has the advantage of preserving dual
conformal invariance up to transformation of the mass parameter(s). This regularization
was used to great effect to test the exponentiation (7.1) of the four-point amplitude at
two- and three-loops [40,78]. Diagrammatic rules, based on the color flow, may be devised
to avoid repeating the unitarity-based construction in the presence of mass parameters.
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The Higgs-regularized amplitude may also be obtained from the dimensionally regular-
ized one by simply treating as mass parameters the (−2)-dimensional components of
loop momenta. A calculation is necessary to ascertain whether the Higgs-regularized
amplitude contains terms proportional to the regulator which yield non-vanishing con-
tributions upon integration.
Being somewhat outside the main theme of the collection, we glossed over the very
important techniques developed specifically for the calculation of nonplanar scattering
amplitudes, in particular the Bern-Carrasco-Johansson relations [58] and the connection
between N = 4 sYM theory and N = 8 supergravity.
The full consequences and implications of the developments outlined in this review
(as well as of those that were not) are yet to emerge and many questions, which will
undoubtedly contribute in this direction, remain to be addressed. Despite substantial
progress in the calculation of multi-loop and multi-leg amplitudes there is room for
improvement. It is clear that further structure is present in N = 4 sYM theory and
that it may be sufficiently powerful to completely determine, at least in some sectors,
the kinematic dependence of the scattering matrix of the theory.
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